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Chapter 1

A Brief History about Geometry

and Geometry before Euclid

The word Geometry means in the ancient Greek “geo” Earth “metron” Mea-

surement. In the past mathematics has consisted of two branches Geometry

and Arithmetic, where, Geometry is known as the field of knowledge that deals

with special relationships.

Geometry was in the past a collection of empirically discovered principles con-

cerning lengths, angles, areas, and volumes, such that, Egyptians and Babylo-

nians used it around 3000 BC in Surveying, Construction, Astronomy and so

on. H
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There are evidences that the Egyptians used (256/81) instead of (22/7) as

approximation of π. Also, the Babylonians knew the Pythagorean theorem

(570-495)BC about 1500 years before Pythagoras himself.

Moreover, the Babylonians measured the circumference of a circle as three times

the diameter and the area as 1/12 the square of the circumference, which would

be correct if π is estimated as 3.

There are no enough evidences about the Greek geometry compare with Egyp-
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tian and Babylonian Geometry. However, there are evidences showed that sev-

eral of the Greeks scientists visited Egypt and transferred Geometry with them

to their country.

Classic geometry was the ancient Geometry that was focussed in Compass-and-

straightedge construction to construct or draw lengths and angles. The Greek

scientist Euclid (325-265 BC) had the largest impact on developing Geometry

(he was called the Father of Geometry) because he presented geometry in an

ideal axiomatic form. Also, he wrote an important study called Euclid’s Ele-

ments in 13 books (chapters) that was translated to several languages, such as,

Arabic language by the scientists Naseer Aldin Al Tusi and Thabit ibn Qurra.
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Chapter 2

The Axiomatic Systems

An axiomatic system is a set of axioms is used to derive theorems.
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2.1 Properties of the Axiomatic Systems

The axiomatic system has the properties:

1. Consistency: We say the system is consistent if it does not have any

contradiction. That is, we cannot proof any theorem contradict any axiom

or theorem that we proved before.

2. Independence: We say the system is independent if there is no any axiom

can be deduced from the rest.

3. Completeness: We say the system is complete if we cannot add any an

independent axiom to the system.
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Chapter 3

Euclidean Geometry

As we said previously that Euclid’s Elements was an important work in Geom-

etry because it consisted of definitions and postulates that he used to deduced

several propositions to prove his theorems.

Now we will state Euclidean Postulates:

E1) We can draw a straight line between any two points.

E2) We can extend a line segment from both sides to infinity.

E3) We can draw a circle if its centre and radius are known.

E4) All right angles are equal to one another.

E5) Euclids fifth postulate: If two lines intersect another one, such that,

the sum of two interior angles on the same side of the intersector is less

than two right angles then the two lines intersect in the same side of the

of the angles.
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Proposition 3.0.1. If two lines intersected with another one and formed con-

gruent alternate interior angles then these two lines do not intersect.
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Theorem 3.0.1. Let A and B be two straight lines are intersected by third one

C, then A‖B if and only if ]α ∼= ]β, where α and β are alternate interior

angles.

Proof. Suppose we have A‖B and we need to prove that ]α ∼= ]β.

We Construct D, such that, it passes through intersection point of the straight

lines A and C, as well as, B and D form congruent alternate interior angles, α

and β with C, see Figure 3.1. Since the straight lines B and D form α and β,

Figure 3.1: The graph shows the lines intersect and form alternate interior

angles.

then from Proposition 3.0.1 B‖D.H
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Thus, from Euclids fifth postulate A = D.

Therefore, ]α ∼= ]β.

We can prove the converse statement from Proposition 3.0.1 directly.

Proposition 3.0.2. (Euclid’s Proposition 1). For any line segment there

exist an equilateral triangle has the segment as one of its sides.
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Proof. Let AB be the given line segment, as shown in Figure 3.2.

From E3) there exist a circle has a centre the point A and radius AB. Also,

Figure 3.2: The graph shows a triangle can be got from the line segment.

there exist a circle with the centre B and radius BA.

Now, let C is an intersection point of the two circles, then from E1) there exist

the line segments AC and BC.

From the definition of the circle that the radius of the circle is the same every-

where in the circle. Therefore, ∆ABC is an equilateral triangle.
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Proposition 3.0.3. (Euclid’s Proposition 30). Let A, B and C be straight

lines, such that, if A‖B and C‖B, then A‖C.

Proof. Construct the straight line D, such that, it intersects A, B and C as

shown in the Figure 3.3.

Since D intersects the parallel lines A and B, then by Theorem 3.0.1 ]α ∼= ]β.

Also, since D intersects the parallel lines B and C then by Theorem 3.0.1
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Figure 3.3: The graph shows Euclid’s Proposition 30.

]β ∼= ]θ.

Thus, ]α ∼= ]θ, and since they are alternate angles then by Theorem 3.0.1

A‖C.
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3.1 Some Equivalent Statements to Euclid’s fifth

postulate

There are several statements that are actually theorems, such as:

Theorem 3.1.1. Playfair’s Axiom: Given a line and a point not on it there

is exactly one line passes through the point and parallel to the given line.

Proof. Firstly: given Playfair’s Axiom and we need to prove Euclids fifth pos-

tulate.

Let L1 be the given line, and Q be the given point.

Let L2 be a line passes through Q.

Suppose that L3 is passing through Q and intersecting the lines L1 and L2, such

that, ∠α + ∠β < 180◦.

Now, construct a line L4, such that, it passes through the point Q and ]α ∼= ]λ.

Therefore, by Theorem 3.0.1, L1||L4, see Figure 3.4.

Figure 3.4: The graph shows Euclid’s fifth postulate and Playfair’s Axiom are

parallel.
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Now, since, L2 is above L4 from the left of L3, then L2 does not intersect

L1 from the left.
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From the right of L3, L2 is below L4, and L2 is impossible to be parallel to L1

because L1‖L4 (given Playfiar’s axiom).

Thus, L1 and L2 intersect from the right proving Euclid’s fifth postulate.

Secondly: given Euclids fifth postulate and we need to prove Playfair’s Axiom.

If ∠α = ∠β = 90◦ then L1||L2. If ∠α + ∠β < 180◦, then the lines L1 and L2

intersect in the right. If ∠α+ ∠β > 180◦, then the lines L1 and L2 intersect in

the left.

Thus, L1||L2 if and only if ∠α + ∠β = 180◦.

Theorem 3.1.2. The sum of the angles in a triangle is 180◦.

Proof. Firstly: given Euclid’s fifth postulate and we need to prove the Theorem

above is true.

Suppose that we have 4ABC as shown in Figure 3.5. From AC we construct

Figure 3.5: The graph shows the sum of the angles in a triangle is 180◦.

CE, and from the point C we construct CD, such that, the angles 1 in Figure

are equivalent, then AB||CD.

Since AB||CD, then the angles 2 in the Figure are equivalent (from Theorem

3.0.1).

Therefore, ∠1 + ∠2 + ∠3 = 180◦.
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Secondly: given the Theorem above and we need to prove Playfair’s Axiom

which is equivalent to Euclid’s fifth postulate (as shown in Theorem 3.1.1).

Let l be a line and P not on l. Let k and m be two lines passing through P ,

such that, k is a vertical line on l and m is a vertical line on k.

Thus, m is parallel to l. Now, we want to show that m is the only parallel line

passes through P , see Figure 3.6.
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Figure 3.6: The graph shows the sum of the angles in a triangle is 180◦ implies

Euclid’s Fifth.

Let A be an intersection point of l and k, T be a point on n, and O be a point

on m. Since n 6= m, ∠OPT > 0. Now construct Q1 on l, such that, AP ∼= AQ1.

Therefore, ]PQ1A ∼= ]Q1PA (because we have an equilateral triangle4APQ1).

However, the sum of the angles of a triangle is 180◦, then ∠PQ1A = ∠Q1PA =

90◦/2. Therefore, ∠OPQ1 = 90◦/2.

Now construct Q2 on l, such that, Q1Q2
∼= PQ1. Thus, ∠OPQ2 = 90◦/22. In

general, construct Qk on l, such that, Qk−1Qk
∼= PQk−1. Therefore, ∠OPQk =

90◦/2k. Now for some k, ∠OPQk = 90◦/2k < ∠OPT .

Thus, we have a line PQk intersecting l, such that, PT is below it. Therefore,

PT has to intersect l and so m is the only parallel.
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3.2 Axiomatic System 1

Ax1: If p1 and p2 are two points ,then there is at least one line contains both

of them.

Ax2: If p1 and p2 are two points, then there is at most one line contains both

of them.

Ax3: If l1 and l2 are two lines, then there is at least one point lies on both of

them.

Ax4: Every line contains at least three points.

Ax5: If l is a line, then there is at least one point does not lie on l.

Ax6: There is at least one line.
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Theorem 3.2.1. There exists at least one line contains three points.

Proof. By Ax6, there is at least one line l.

By Ax4, l contains 3 points.

Theorem 3.2.2. There exist at least three distinct lines.

Proof. By Ax6, there is at least one line l.

By Ax4, l contains three distinct points, say, A, B and C, as shown 3.7.

By Ax5, there is a point D not on l.

By Ax1, there are the lines AD, BD and CD. Now we need to prove that these

lines (AB, BD and CD) are different. Suppose that AD = BD, then the points

A and B lay on both AD and l. This is a contradiction with our assumption

A 6= B, and so contradiction with Ax2. Thus, AD 6= BD.

In a similar way we prove that AD 6= CD and BD 6= CD, proving the Theorem.
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Figure 3.7: The graph illustrate the Theorem.

Theorem 3.2.3. There exist at least seven points.

Proof. By Ax6, ∃ at least one line l.

By Ax4, l contains at least three points, say, A, B and C.

By Ax5, ∃ a point D not on l.

By Ax1, there are the lines AD, BD and CD.

By Ax4, There is another point E on AD.

By Ax4, There is another point F on BD.

By Ax4, There is another point G on CD.

By Ax2, these points are distinct.

Theorem 3.2.4. There is at most one point is in common between two lines.

Proof. Let l and m be two lines, and let a and b be two points, such that, a, b ∈ l
and a, b ∈ m.

By Ax1 and Ax2 together ∃ one line contains both a and b. Then, l = m, but

this is a contradiction with our assumption.

Thus, l and m have at most one point is in common.
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3.3 Axiomatic System 2

(Incidence Axioms)

Ax1: Every pair of lines intersect in only one point.

Ax2: Every point lies exactly on two lines.

Ax3: There are exactly four lines.

Theorem 3.3.1. There are six points and each line contains three points.

Proof. By Ax3, ∃ four lines l1, l2, l3 and l4.

By Ax1, l1 ∩ l2 = p1,2, l1 ∩ l3 = p1,3, l1 ∩ l4 = p1,4, l2 ∩ l3 = p2,3, l2 ∩ l4 = p2,4

and l3 ∩ l4 = p3,4.

Thus, ∃ six points.

Now we need to prove that these points are distinct.

Suppose that we have p1,2 = p2,3.

Then, p1,2 ∈ l1, l2, l3, this is a contradiction with Ax2.

Therefore, all of the points are distinct.

Now, we need to prove that there is no more than six points.

Suppose that ∃ another point p7.

By Ax2, ∃ two lines passes through p7, but we have only four lines by Ax3.

Thus, p7 must be one of the six points.H
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3.4 Axiomatic System 3, (Fano’s Geometry)

Ax1: If p1 and p2 are two distinct points then there exists only one line contains

both of them.

Ax2: Any two lines intersect.

Ax3: There exists at least one line.

Ax4: Every line contains exactly three points.

Ax5: Not all of the points are on the same line.
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Theorem 3.4.1. There are exactly seven points.

Proof. By Ax3, ∃ a line, say, l.

By Ax4, l contains exactly three points, 1, 2 and 3.

By Ax5, ∃ at least one point 4 /∈ l.
By Ax1, ∃ three lines (1,4), (2,4) and (3,4).

By Ax4, we have (1,4,5), (2,4,6) and (3,7,4).

By Ax1, we have the lines (3,5), (1,6) and (2,5), such that, by Ax2 (1,6) ∩ (3,5)

= 6, and (2,5) ∩ (3,7,4) = 7.

Thus, there are seven points.

Now we need to prove that there is no more than seven points.

Suppose there is another point 8, then by Ax1, ∃ a line (1,8).

By Ax2 the lines (1,8) and (2,7,5) have an intersection point, but its not 2 or 7

or 5 because each of the lines (1,2), (1,7) and (1,5) has third point which is 3,

6 and 4 respectively, and by Ax4 it is impossible to have more.

Thus, there are only seven points.
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Theorem 3.4.2. Every two distinct lines intersect exactly in one point.

Proof. Let l1 and l2 be the given lines.

By Ax2, l1 ∩ l2 6= φ, then l1 ∩ l2 = p1.

Suppose there are two intersection points, p1 and p2, that is, l1 ∩ l2 = p1 and

l1 ∩ l2 = p2.

Therefore, we have p1, p2 ∈ l1 and p1, p2 ∈ l2, then by Ax1 l1 = l2 but this is a

contradiction with our assumption.

Thus, there is only one an intersection point.
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Theorem 3.4.3. Every point lays exactly on three lines.

Proof. Let p1 be the given point.

By Ax3, ∃ a line l1.

1. If p1 ∈ l1.
By Ax4, we have p2 and p3 ∈ l1
By Ax5, ∃ a point p4 /∈ l1.
By Ax1, ∃ the lines l2 and l3.

By Ax4, ∃ a point p5 on l2.

By Ax4, ∃ a point p6 on l3.

By Ax1, ∃ a line l4.

Now we need to prove there is no more than three lines pass through p1.

Suppose ∃ a line l5, such that, p1 ∈ l5.
By Ax2, l5 ∩ l3 = p3 or p6 or p4, but this is a contradiction with Ax1.

(because p1 & p3 ∈ l1 & l5 C! Ax1, p1 & p6 ∈ l4 & l5 C! Ax1 and p1 &

p4 ∈ l2 & l5 C! Ax1).

Thus, p1 only on the lines l1, l2 and l4.
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2. If p1 /∈ l1.
By Ax4, ∃ p2, p3 and p4 ∈ l1.
By Ax1, ∃ the lines l2, l3 and l4.

Therefore, p1 on the lines l2, l3 and l4.

Now, we need to prove there are no more than three lines pass through

p1.

Suppose that ∃ another line l5, such that, p1 ∈ l5.
By Ax2, then, l5∩ l1 = p2 or p3 or p4, but this is a contradiction with Ax1.

Thus, p1 only on the lines l2, l3 and l4.
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3.5 Axiomatic System 4, (The Pappus Finite

Geometry)

Ax1: If p1 and p2 are two points, then there is at most one line contains both

of them.

Ax2: (The Parallel Axiom): If p is a point not on the line L, then there is

exactly one line L
′

passes through p and it is parallel to L.

Ax3: There exist at least one line.

Ax4: Every line contains three points.

Ax5: Not all of the points are on the same line.

Ax6: If p is a point not on the line L, then there is exactly one point p
′

on L,

such that, there is no line connecting p with p
′
.
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Theorem 3.5.1. Every two distinct lines do not intersect in more than one

point.

Proof. Let l1 and l2 be the given two distinct lines.

Suppose that there exist two intersection points p1 and p2, such that, p1 and

p2 ∈ l1 ∩ l2.
That is, p1 and p2 ∈ l1 and p1 and p2 ∈ l2. Then by Ax1, l1 = l2, but this is a

contradiction with the given two distinct lines.

Thus, there is one intersection point.

Theorem 3.5.2. Not all of the lines pass through the same point.
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Proof. By Ax3, ∃ a line say L.

By Ax5, ∃ a point p /∈ l1.
By Ax2, ∃ a line L

′
, such that, p ∈ L′

and L
′ ‖ L.

Thus, this is proving the Theorem.

Theorem 3.5.3. Every point lies exactly on three distinct lines.

Proof. Let p1 be the given point.

By the previous Theorem, ∃ the line l1, such that, p1 /∈ l1.
By Ax4, ∃ the points p2, p3 and p4 ∈ l1.
By Ax1, ∃ the lines l2 and l3.

By Ax2, ∃ the line l4, such that, p1 ∈ l4 and l4 ‖ l1.
Now, we need to prove that there is no less than three lines pass through p1.

That is, we need to discuss the cases below.

(i) If l2 = l3 then p1, p2 and p3 ∈ l2, but p2 and p3 ∈ l1. By Ax1, l1 = l2, then

p1 ∈ l1 but this is a contradiction since p1 /∈ l1. Therefore, l2 6= l3.
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(ii) If l2 = l4 then p2 ∈ l1 and l4, but this is a contradiction because p2 ∈ l1
and l1 6= l4. Therefore, l2 6= l4.

(iii) If l2 = l1, then p1 ∈ l1 and l4, but this is a contradiction because p1 ∈ l4
and l1 6= l4. Therefore, l2 6= l1.

Thus, there is no less than three lines pass through p1.

Now, we need to prove that there is no more than three lines pass through the

point p1.

Suppose that there is the line l5 passes through p1, then p1 ∈ l2, l3, l4 and l5.

If l5 ∩ l1 = φ, then l5 ‖ l1 and l4 ‖ l1, but this ia a contradiction with Ax2.

If l5 ∩ l1 6= φ, then either l5 ∩ l1 = p2, by Ax1 l5 = l2,

or l5 ∩ l1 = p3, by Ax1 l5 = l3,

or l5 ∩ l1 = p4, this is a contradiction with Ax6.

Therefore, there is no more than three lines pass through p1.
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Theorem 3.5.4. There are exactly nine points.

Proof. By Ax3, ∃ the line l1.

By Ax4, ∃ the points 1, 2, 3 ∈ l1, that is, l1 = (1,2,3).

By Ax5, ∃ the point 4 /∈ l1.
By Ax2, ∃ the line l2, such that, 4 ∈ l2 and l1 ‖ l2.
By Ax4, then l2 = (4,5,6).

By Ax1, ∃ the lines l3 = (1,5), l4 = (1,6), l5 = (2,4), l6 = (2,6), l7 = (3,4) and

l8 = (3,5).

By Ax4, we have the line l6 = (2,7,6).

By Ax2, ∃ the line l9, such that, 7 ∈ l9 and l9 ‖ l1.
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By Ax4, l9 = (7,8,9).

Now, we need to prove that there is no less than nine points.

If 4 = 5, then 4 ∈ l3, but this is a contradiction with Ax6.

Now, we need to prove that there is no more than nine points.

Suppose that ∃ the point 10.

Then by Ax1, ∃ l10 = (1,10).

Then, 1 ∈ l1, l3, l4 and l10, but this is a contradiction with Theorem 3.5.3.

Therefore, that proving the theorem.

3.6 Axiomatic System 5

Ax1: There exist at least two points.

Ax2: If p and q are two distinct points, then there exists only one line contains

both of them.

Ax3: (The Parallel Axiom): If p is a point not on the line L, then there is

exactly one line L
′

passes through p and it is parallel to L.

Ax4: If L is a line, then there exists one point does not lie on L.
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Theorem 3.6.1. Every point lies at least on two lines.

Proof. Let p be the given point.

By Ax1, ∃ two points p1 and p2.

By Ax2, ∃ the line (p1, p2).

Case 1: If p = p1 or p = p2.

By Ax4, ∃ the point p3, such that, p3 /∈ (p, p2).

By Ax2, ∃ the line (p, p3). Then, p lies on two lines.
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Case 2: If p 6= p1, p 6= p2 and p /∈ (p1, p2).

By Ax2, ∃ the lines (p, p1) and (p, p2). Then, p lies on two lines.

Case 3: If p 6= p1 and p 6= p2 and p ∈ (p1, p2).

Then, by Ax2 we have the lines (p1, p) and (p, p2). Then p lies on two

lines.

Thus, every point lies at least on two lines.

Lemma 3.6.1. Every line contains at least one point.

Proof. Let l be the given line.

By Ax4, ∃ the point p, such that, p /∈ l.
By the previous Theorem 3.6.1, ∃ the lines l1 and l2, such that, p lies on both

of them .

Either l1 or l2 intersect with l because if it is not we will have two lines, l1 and

l2, contain the point p and parallel to l and this is a contradiction with Ax3.

Therefore, every line contains at least one point.
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Theorem 3.6.2. There exist at least four points and six lines.

Proof. By Ax1, ∃ the points p1 and p2.

By Ax2, ∃ the line l1 = (p1, p2).

By Ax4, ∃ the point p3 /∈ l1.
By Ax3, ∃ the line l2, such that, p3 ∈ l2 and l2 || l1.
By Ax2, ∃ the line l3 = (p1, p3).

Since p2 /∈ l3, then by Ax3, ∃ l4, such that, p2 ∈ l4 and l4 || l3.
Now, if l4 ∩ l2 = φ then l4 || l2 and l1 || l2 but this is a contradiction with Ax3.

Then, l4 ∩ l2 = p4.
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Thus, we have at least four points.

By Ax2, ∃ the lines l5 = (p1, p4) and l6 = (p2, p3).

Thus, we have six lines

3.7 Hilbert’s axioms

Hilbert’s axioms form a complete system, that the Euclidean geometry is de-

duced from this system. In this section we will discuss Incidence Axioms, Order

Axioms and Congruence Axioms for the German mathematician David Hilbert.
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3.7.1 Incidence Axioms

I1: For every two points A and B there exists one line l contains both of them.

I2: For every two points A and B there exists at most one line l contains both

of them.

I3: There exist at least three points do not lie on the line l.

I4: If A, B and C are three points that do not lie on the same line l, then there

exists one plane α contains all of them.

I5: If A, B and C are three points that do not lie on the same line l, then there

exists at most one plane α contains all of them.

I6: If two points A and B of a line l lie on a plane α, then every point of l lies

on α.

I7: If two planes α and β have a point A in common, then they have at least

another point B in common.
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I8: There exist at least four points do not lie on the plane α.

Theorem 3.7.1. Every two distinct planes that have a point in common, they

have one line in common.

Proof. Let α and β be the given distinct planes.

Let A be the given point, such that, A ∈ α ∩ β.

By I7 there exist another point B, such that, B ∈ α ∩ β, and A 6= B.

Since A ∈ α ∩ β and B ∈ α ∩ β then by both I1 and I6 there exists the line

AB ∈ α and AB ∈ β, that is AB ∈ α ∩ β.

Thus, we have found the line AB is in common.

Now we need to prove the uniqueness of the line.

Suppose ∃ a point C, such that, C ∈ α ∩ β and C 6= A,B.

By I4, ∃ a plane containing the points A, B and C.

However, we have A, B and C ∈ α and A, B and C ∈ β and this is a contra-

diction with I5.

Then, there is no such a point C.

Therefore, we have a unique line is in common.

Proposition 3.7.1. Let α be a plane, if A and C are two distinct points in α

and C is on the line AB, then AC = AB.

Proof. Since A ∈ AC, C ∈ AC, A ∈ AB and C ∈ AB then by I2 we must have

AC = AB.

Lemma 3.7.1. If the point E is not on the line AC, then all the other points

of the line AE except A are not on AC.

Proof. Suppose ∃ a point F ∈ AE ∩AC and F 6= A, then by I2 we have AE =

AC. Then E ∈ AC, but this ia a contradiction with E /∈ AC.

Therefore, all points of the line AE except A are not on AC.
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Theorem 3.7.2. Every two distinct lines intersect in only one point.

Proof. Let l1 and l2 be the given two distinct lines.

Suppose we have two intersection points A and B, that is, A ∈ l1 ∩ l2 and

B ∈ l1 ∩ l2.
Then by I2 we must have l1 = l2, but this is a contradiction since l1 and l2 are

given two distinct lines.

Therefore, every two distinct lines intersect in only one point.

Lemma 3.7.2. For every plane α there is a point P not on it.

Proof. By I8 ∃ the points {A, B, C, D} /∈ α, then ∃ the plane β, such that,

{A, B, C, D} ∈ β.

Then ∃ the point P , such that, P ∈ {A, B, C, D} and P /∈ α, (otherwise {A,

B, C, D} ∈ α and this is a contradiction with I8).

Theorem 3.7.3. Through a line and a point not on it, one and only one plane

can be drawn.

Proof. Let l be the given line, and let C be the given point, such that, C /∈ l.
Let A and B be two distinct points, then by I1 A and B ∈ l.
Since A, B and C are not on the same line, then by I4 ∃ a plane α, such that,

A, B and C ∈ α.

Since A, B ∈ l, and A, B ∈ α then by I6 we have l ⊂ α.

Now we need to prove that the plane that we have found α is unique.

Suppose that ∃ another plane β, such that, C ∈ β and l ⊂ β.

Note that C ∈ α, l ⊂ α, C ∈ β and l ⊂ β, then A, B and C ∈ α and A, B and

C ∈ β, but this is a contradiction with I5. Then we must have α = β.

Therefore, we have a unique plane.
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Theorem 3.7.4. Through two lines with a common point, one and only one

plane can be drawn.

Proof. Let l1 and l2 be the given two lines.

Let A be the given point, such that, A ∈ l1 ∩ l2.
Lets say ∃ a point B, such that, B ∈ l2.
By Theorem 3.7.2 B /∈ l1. Then by Theorem 3.7.3 ∃ a plane α, such that, l1 ⊂ α

and B ∈ α.

Since A, B ∈ l2 and A, B ∈ α then by I6 l2 ⊂ α.

Thus, we have found a plane α contains l1, l2 and A.

Now we need to prove the uniqueness of the plane α.

Suppose ∃ another plane β, such that, l1, l2 ⊂ β.

Since we have B ∈ l2 and l2 ⊂ β, then B ∈ β.

Also, since B ∈ α, l1 ⊂ α, B ∈ β and l1 ⊂ β, then by Theorem 3.7.3 we must

have α = β.

Thus, through two lines with a common point, one and only one plane can be

drawn.
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Theorem 3.7.5. Two distinct planes either do not have common points or there

is a line contains all of their common points

Proof. Let α and β be the given distinct planes.

If α ∩ β = φ then the two planes do not have common points.

If α ∩ β 6= φ, then ∃ a point A, such that, A ∈ α ∩ β.

By I7 ∃ another point B, such that, B 6= A and B ∈ α ∩ β.

By I1 ∃ a line AB that contains the points A and B.

Since A,B ∈ AB and A,B ∈ α ∩ β, then by I6 AB ⊂ α ∩ β.

Thus, we have proved that ∃ a line AB contains the common points of α and
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β.

Now suppose ∃ another point C, such that, C ∈ α ∩ β and C /∈ AB.

Since AB ⊂ α ∩ β and C /∈ AB, then by Theorem 3.7.3 we have α = β, but

this a contradiction with α and β are distinct.

Thus, the line AB contains all of α and β common points.

Lemma 3.7.3. For any two parallel lines there is exactly one plane containing

both of them.

Proof. Let l1 and l2 be the given two lines, such that, l1 || l2.
Suppose ∃ two planes α and β, such that, l1, l2 ⊂ α and l1, l2 ⊂ β.

Let A1 and A2 be two points then by I1 ∃ a line l1 contains both of them.

Let B1 and B2 be two points, then by I1 ∃ a line l2 contains both of them. ‘

Since l1 || l2, then the points A1, A2 and B1 are not collinear.

Also, since l1, l2 ⊂ α and l1, l2 ⊂ β, then we have A1, A2 and B1 ∈ α and A1,

A2 and B1 ∈ β, but this is a contradiction with I5. Then α = β.

Therefore, we have a unique plane.
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Note 1. We denote a plane containing lines l1 and l2, whether parallel or having

a common point, by αl1l2.

Lemma 3.7.4. If lines l1, l2 and l2, l3 are parallel and points A ∈ l1, B ∈ l2
and C ∈ l3 are collinear, then the lines l1, l2 and l3 all lie in one plane.

Proof. Suppose there are two planes, say, αl1l2 contains the lines l1 and l2 and

αl2l3 contains the lines l2 and l3.

A, B and C are collinear means ∃ l4, such that, A, B and C ∈ l4.
Since B,C ∈ l4 and B,C ∈ αl2l3 , then by I6 l4 ⊂ αl2l3 .

Also, since A ∈ l1 and l1 || l2, then A /∈ l2.
We notice that A ∈ l4 ⊂ αl2l3 , A ∈ l1 ⊂ αl1l2 , l2 ⊂ αl1l2 , l2 ⊂ αl2l3 and A /∈ l2,
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then by Theorem 3.7.3 we get αl1l2 = αl2l3 .

Thus, all the lines l1, l2 and l3 lie in one plane.

3.7.2 Order Axioms

O1: If a point B is between points A and C, then the points A, B and C are

three distinct points of a line l, and also B lies between C and A.

O2: If A and B are two points of a line l, then there exists at least one point

C, such that, B lies between A and C.

O3: If A, B and C are three distinct points on the same line, then one of the

three points at most is between the other two.

O4: (Pasch Axiom): If a line l intersects one side of the triangle 4ABC, and

it does not pass through the points A, B or C, then it must intersect

another side of the triangle.
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Figure 3.8: Diagrams satisfy O4.

In Figure 3.8, each of the above diagrams satisfy O4. In the first, l passes

through a point of AB and through a point of BC. In the second, l passes

through a point of AB and through a point of AC. In the third, l does not pass

through any points of any of the segments.
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Figure 3.9: Diagrams do not satisfy O4.

In Figure 3.9, neither of these two diagrams satisfy O4. In the first, l passes

through a point of AB but does not pass through any points of the segments

AC or BC. In the second, l passes through two points of the segment AB.

Theorem 3.7.6. Every line contains infinite many points.

Proof. Let l be the given line.

Let A1 and A2 be two points, such that, A1 and A2 ∈ l.
By O2, ∃ a point A3 ∈ l, such that, [A1A2A3].

Also, by O2 ∃ a point A4 ∈ l, such that, [A2A3A4].

Now, if A1 = A4, then we have [A1A2A3] and [A2A3A1] but this is a contradiction

with O1 as A2 is between A1 and A3.

Thus, A1 6= A4.

Then, generally ∃ a point An+1, such that, [An−1AnAn+1]. Also, An+2 6= An−1.

Therefore, the line l has infinite many points.H
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Note 2. From the Theorem above we can describe the line AB as an interval

of the forms either [A,B], (A,B), [A,B) or (A,B].

Lemma 3.7.5. If half-open (half-closed) intervals [A,B), (B,C] have common

points, then the points A, B and C collinear.
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Proof. If the intervals [A,B), (B,C] have common points, then [A,B)∩(B,C] 6=
φ.

Then ∃ a point D, such that, D ∈ [A,B) ∩ (B,C].

Also, since these intervals in fact are lines, then D ∈ AB ∩BC.

By I2, we must have AB = BC.

Thus, the points A, B and C are collinear.

Corollary 3.7.1. Suppose points A, B, C are not collinear and a line l has

common points with (at least) two of the open intervals (AB), (BC), (AC).

Then these common points are distinct.

Proof. Let l be the given line.

Let F and G be two points, such that, F ∈ l ∩ (A,B) and G ∈ l ∩ (A,C).

If F = G then we will have F ∈ AB and F ∈ AC, then AB = AC but this is

a contradiction as we have distinct intervals.

Therefore, F 6= G.
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3.8 Congruence Axioms
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C1: Given a ray with origin O and a segment AB, there exists one and only

one point M on the ray, such that, OM ∼= AB.

Figure 3.10: The graph represents C1.

C2: If AB ∼= A′B′ and A′B′ ∼= A′′B′′ then AB ∼= A′′B′′ .

C3 If B is between A and C and B
′

is between A
′

and C
′
, and if AB ∼= A′B′

and BC ∼= B′C ′ , then AC ∼= A′C ′ .

Figure 3.11: The graph represents C3.

C4 Given an angle ]BAC and given any ray
−−→
A

′
B

′
, there is a unique ray

−−→
A

′
C

′

on the given side of the ray
−−→
A

′
B

′
, such that, ]BAC ∼= ]B

′
A

′
C

′
.
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Figure 3.12: The graph represents C4.

C5 If ]ABC ∼= ]A
′
B

′
C

′
and ]A

′
B

′
C

′ ∼= ]A
′′
B

′′
C

′′
then ]ABC ∼= ]A

′′
B

′′
C

′′
.

Also, every angle is congruent to itself.

C6: Given two triangles4ABC and4A′
B

′
C

′
, such that, if ]BAC ∼= ]B′A

′
C

′
,

AB ∼= A′B′ and AC ∼= A′C ′ then ]ABC ∼= ]A
′
B

′
C

′
.

3.9 Congruence of Triangles

Definition 3.9.1. We say that two triangles are congruent, 4ABC ∼= 4A′
B

′
C

′
,

if their corresponding sides are equal in length and their corresponding angles

are equal in size.

3.9.1 Theorems of Congruence of TrianglesH
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Theorem 3.9.1. The congruence by two sides and an angle (SAS)

In the triangles 4ABC and 4A′
B

′
C

′
, if AB ∼= A′B′, ]BAC ∼= ]B

′
A

′
C

′
and

AC ∼= A′C ′, then 4ABC ∼= 4A′
B

′
C

′
.

Proof. Since ]BAC ∼= ]B
′
A

′
C

′
, AB ∼= A′B′ and AC ∼= A′C ′ , then by C6 we

have ]ABC ∼= ]A
′
B

′
C

′
and ]ACB ∼= ]A

′
C

′
B

′
.
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Then we have proved that the three corresponding angles are equal in size.

Since we have AB ∼= A′B′ and AC ∼= A′C ′ , then we just need to show that

BC ∼= B′C ′ .

We refer to Figure 3.13, On the ray
−−→
BC put C

′′
, such that, by C1 BC ′′ ∼= B′C ′ .

We want to show that C
′′

= C.

Figure 3.13: The graph represents SAS Theorem.

Since ]ABC
′′ ∼= ]A

′
B

′
C

′
, AB ∼= A′B′ and BC ′′ ∼= B′C ′ , then by C6, we

get ]BAC
′′ ∼= ]B

′
A

′
C

′
.

By C4 we get
−−→
AC

′′
=
−→
AC. We have C and C

′′ ∈ BC, and since AC and BC

cannot have more than one point in common, then C = C
′′
, and BC ∼= B′C ′ .

Therefore, 4ABC ∼= 4A′
B

′
C

′
.

Theorem 3.9.2. The congruence by two angles and one side (ASA)

In the triangles 4ABC and 4A′
B

′
C

′
, if ]ABC ∼= ]A

′
B

′
C

′
, BC ∼= B′C ′ and

]ACB ∼= ]A
′
C

′
B

′
, then 4ABC ∼= 4A′

B
′
C

′
.
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Proof. See the Figure 3.14, on
−→
AB put A

′′
, such that, A′′B ∼= A′B′ .

Since A′′B ∼= A′B′ , ]A
′′
BC ∼= ]A

′
B

′
C

′
and BC ∼= B′C ′ , then by Theorem

3.9.1, we get that 4A′′
BC ∼= 4A′

B
′
C

′
.
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Therefore, ]A
′′
CB ∼= ]A

′
C

′
B

′
.

By C4 we get
−−→
A

′′
C =

−→
AC.

Also, since AC and AB can have at most one point in common, then A = A
′′
.

Thus, we have 4ABC ∼= 4A′
B

′
C

′
.

Figure 3.14: The graph represents ASA Theorem.
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Theorem 3.9.3. In the triangle 4ABC, AB ∼= AC if and only if ]ABC ∼=
]ACB.

Proof. Given AB ∼= AC, we need to prove that ]ABC ∼= ]ACB.

Since AB ∼= AC, then by applying Theorem 3.9.1 (the SAS Theorem) to the

triangles 4ABC and 4ACB we get 4ABC ∼= 4ACB.

Thus, we have ]ABC ∼= ]ACB.

Now, given ]ABC ∼= ]ACB, we need to prove that AB ∼= AC.

Since ]ABC ∼= ]ACB, then by applying Theorem 3.9.2 (the ASA Theorem)

to the triangles 4ABC and 4ACB then we get 4ABC ∼= 4ACB.

Therefore, AB ∼= AC.
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